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Free energy landscapes of model peptides and proteins
David A. Evans and David J. Wales
University Chemical Laboratories, Cambridge CB2 1EW, United Kingdom

~Received 13 November 2002; accepted 2 December 2002!

A parallel searching algorithm based on eigenvector-following is used to generate databases of
minima and transition states for an all-atom model of the peptide Ac(ala)3NHMe and for a
simplified bead model of a protein. We analyze the energy landscapes of both systems using
disconnectivity graphs based upon both potential energy and free energy. This approach highlights
the role of vibrational entropy in determining the relative free energy of local minima.
Thermodynamic properties for Ac(ala)3NHMe calculated using the superposition approach are in
reasonable agreement with parallel-tempering Monte Carlo simulations. ©2003 American
Institute of Physics.@DOI: 10.1063/1.1540099#
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I. INTRODUCTION

Atomistic models are proving to be valuable tools
understanding the behavior of biological molecules. Char
terizing the free energy landscape of model systemsvia
simulation has enabled the thermodynamic properties
preferred conformations of peptide and small protein syste
to be predicted.1–3 Collecting trajectories of the system mo
ing over the free energy landscape also allows prediction
kinetic properties to be made,4 which of course is crucial to
addressing the central question of how proteins can
quickly and reliably to a single native structure.

Underlying every free energy surface is a potential
ergy surface~PES!. Successful methods have been devis
for mapping the PES of atomistic model systems and vis
izing such multidimensional landscapes.5,6 Furthermore, pre-
dictions of thermodynamic and kinetic properties can also
made based on the properties of the stationary po
~minima and transition states! of the PES.7

In the current work we present a new representation
the free energy landscape of such systems, based upo
disconnectivity graph approach of Becker and Karplus,5 and
using harmonic densities of states to estimate the rela
free energies of minima and transition states.8 We apply this
approach to two previously studied systems, and show ho
highlights the importance of vibrational entropy in determ
ing the relative free energy, and hence the occupation p
ability, of local minima.9

The first system we consider is a united-atom mode
Ac(ala)3NHMe. Ala3 in vacuo with alternative capping
groups was studied extensively in the development o
method for finding reaction paths on the PES.10 The database
obtained from this study was used in the first application
disconnectivity graphs.5 This system is interesting because
represents the shortest peptide chain that can form
a-helical turn, although simulation studies have indica
that an extended conformation is actually preferred in aq
ous solvent.11 Larger polyalanine systems have also be
studied to examine the apparent helix-stabilizing proper
of the alanine residue, which is the simplest amino acid as
from glycine.12,13Mapping out the PES has provided pred
3890021-9606/2003/118(8)/3891/7/$20.00
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tions of thermodynamic and kinetic properties in continuu
solvent models,14–17 and simulations using Monte Carl
~MC! and molecular dynamics~MD! methods have also bee
undertaken.13,18,19In the present work results for thermody
namic properties calculated from databases of station
points using the harmonic superposition approximation
compared with parallel-tempering MC simulations.20 Parallel
tempering, also known as replica-exchange,21 has previously
been combined with both MC and MD to obtain improve
sampling of the configuration space of biomolecu
systems.22–24

The second system we consider is a three-color 46-b
model, ~BLN!, which consists of 46 beads of three type
hydrophobic~B!, hydrophilic ~L!, and neutral~N!.25 We em-
ploy a version of the potential in which the beads are link
by stiff springs.26 The sequence is

B9N3~LB!4N3B9N3~LB!5L. ~1!

This system has been studied by MD and MC metho
originally with the intention of analyzing a proteinlike mod
with several metastable free energy minima.25,27 Subsequent
studies have indicated the presence of two characteristic t
sition temperatures: collapse from an unfolded random
to a compact globule, and folding of the globule to
b-barrel-like structure.28–30 The PES of the system has als
been studied,26,31and compared with the ‘‘Go’̄’ version of the
model where favorable non-native interactions are exclu
and the system becomes less frustrated.30,31Two further stud-
ies considered self-assembly of theb strands32 and the effect
of mutation.33 In the present work we demonstrate how t
folding transition can be described in terms of sets of lo
minima on the PES.

II. ALANINE TETRAPEPTIDE

The Ac(ala)3NHMe system was modelled using
united-atom force field~CHARMM19!34 and an implicit solva-
tion potential.35 The same system was previously studied
Krivov et al.36 using Langevin dynamics and a confineme
technique intended to give improved sampling of configu
tion space.
1 © 2003 American Institute of Physics

AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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A. Landscape sampling

The global potential energy minimum for the system w
located using the basin-hopping algorithm,37 which is based
on the Monte Carlo with minimization~MCM! method of Li
and Scheraga.38 Steps were taken by twisting one random
chosen backbone dihedral angle by a random amount
tween2180° and1180°. 100 runs of 10 000 steps each~at a
temperature equivalent to 2.5 kcal mol21 for the Metropolis
acceptance criterion! all found the same lowest energy stru
ture, which corresponds to one turn of ana-helix. This struc-
ture is shown in Fig. 1, and is apparently identical in geo
etry and energy to the global minimum reported previousl36

Starting from this global potential energy structure,
database of stationary points on the PES was constru
using the method described previously for polyalan
systems.15,17 In brief, this approach involves building up
database of minima and transition states connected
steepest-descent paths, where minima and transition s
are defined as stationary points on the potential energy
face with zero and one negative Hessian eigenvalu
respectively.39 Analytic second derivatives of this potenti
are not available. Minima were located using the limit
memory Broyden–Fletcher–Goldfarb–Shanno~L-BFGS!
routine,40 and transition states were located using the hyb
L-BFGS/L-BFGS technique, where one Hessian eigenve
is obtained by a variational method that does not requ
second derivatives.41,42

Up to forty transition state searches were initiated fro
each minimum in the database, which corresponds to tw
ing each of the 10 backbone dihedral angles~f, c, andv, the
peptide bond! by 630° and 660°. Propagation of the
searches was carried out using a temperature of zero in
Metropolis criterion to decide whether to move to a new
found minimum, and the algorithm was run until 10 000 tra
sition states had been located, resulting in a connected d

FIG. 1. Thea ~left! andb ~right! strand minima of Ac(ala)3NHMe. Thea
structure is the global potential energy minimum, and theb-strand structure
is the global free energy minimum at 298 K. The dashed black line re
sents a hydrogen bond. This figure was prepared using Xmakemol~Ref. 53!.
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base of 1740 minima. All the stationary points were co
verged to a root-mean-square~RMS! gradient of less than
1026 kcal mol21 Å 21, and vibrational frequencies were ca
culated by constructing and diagonalizing a Hessian ma
of mass-weighted two-sided numerical second derivativ
The whole procedure of database generation required a
three days on sixteen UltraSparc II 400 MHz CPUs.

B. Disconnectivity graphs

Connected databases, such as the one described a
are best visualized using disconnectivity graphs,5 which par-
tition the minima into disjoint sets based on the energies
the connecting transition states. The potential energy disc
nectivity graph for the Ac(ala)3NHMe database collected
here is shown in Fig. 2. It is similar to the graph in Ref. 3
in that the lower part of the landscape is partioned into se
rate funnels for each peptide isomer.

Further insight can be gained into the thermodynam
and kinetics by considering a disconnectivity graph drawn
the basis of free energy. The relative free energies of min
and transition states can be estimated from their poten
energy and normal mode frequencies according to the
monic approximation to the density of states. The canon

-

FIG. 2. Potential energy disconnectivity graph for Ac(ala)3NHMe. The en-
ergy scale is in kcal mol21. a andb refer to the structures depicted in Fig. 1
The lowest 1200 minima are included. The numbers label the branche
the graph that contain the lowest minimum for eachcis-trans isomer, as in
Ref. 36.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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partition function,Zi(T), of minimum i at temperatureT for
a nonrotating system is given by

Zi~T!5
exp~2Ei /kBT!

~hn̄ i /kBT!k , ~2!

whereEi is the potential energy andn̄ i is the geometric mean
normal mode frequency for minimumi. k is the number of
vibrational degrees of freedom (3N26, whereN is the num-
ber of atoms! andh is Planck’s constant. We can also calc
late the equilibrium occupation probabilities of each mi
mum,

Pi
eq5

Zi~T!

Z~T!
5

Zi~T!

( iZi~T!
, ~3!

where the sum is over every minimumi in the sample.
The canonical Rice–Ramsperger–Kassel–Mar

~RRKM! theory43 rate constant out of minimumi through
transition state † is

ki
†~T!5

kBT

h

Z†~T!

Zi~T!
5

~ n̄ i !
k

~ n̄†!k21 e2~E†2Ei !/kBT. ~4!

The corresponding free energies of the minima and tr
sition states can be defined as

Fi~T!52kBT ln Zi

and

F†~T!52kBT ln Z†, ~5!

or

Fi~T!5Ei1kBT ln~hn̄ i /kBT!k,
~6!

F†~T!5E†1kBT ln~hn̄†/kBT!k21.

From Eqs.~4! and ~6! we obtain

kBT ln@hki
†~T!/kBT#5Fi~T!2F†~T!, ~7!

which highlights the correspondence between the rate c
stant and the free energy difference. Due to the way we h
definedF†(T) it is possible for the free energy of a transitio
state to be less than the free energy of either or both of
minima that it connects. This result is not unphysical,
merely indicates a large rate at the chosen value ofkBT, and
is unavoidable if we wish to plotF†(T) on the same scale a
Fi(T). In order to construct disconnectivity graphs using t
usual superbasin analysis,5,7 we can add an arbitrary con
stant,f c , to every transition state free energy, to ensure t
each transition state lies above the minima it connects.
functionsFi(T) and F†(T) were used to construct the dis
connectivity graph based on free energy shown in Fig. 3,
which T5298 K and f c5kBT ln@h531012 s21/kBT]. Only
the 193 minima with an all-trans backbone~set 0 from Fig.
2! are included.

The method presented here differs from the canon
disconnectivity graphs described in Ref. 5, where the vert
scale representedkBT. In the latter graphs all the minim
were drawn at the same height at each temperatureT, but
grouped into nodes if they were interconnected by a p
where max(Fij

† ,Fij
†),kBT, with F i j

† being the potential en
ergy barrier going from minimumj to minimum i.
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It is desirable to coarse-grain samples of this size
larger so that only representative minima are displayed.
effective algorithm for coarse-graining samples of minim
based on kinetic criteria has been presented previous44

This method groups any two minimai and j together if they
are connected by a sequence of transition states for whic
the forward and backward rate constants exceed a ch
threshold rater t. When plotting potential energy disconne
tivity graphs, only the lowest energy minimum of each su
group is then shown. In a further pruning step, if two grou
are connected by a mechanism with rate greater thanr t in
one direction, then the higher energy group is also exclu
from the graph.

Having grouped the minima together in this way, it
straightforward to calculate the relative free energies of e
group, and of the set of transition states that connect th
For groupI we define

FI
group52kBT(

i PI
ln Zi ,

PI5(
i PI

Pi , ~8!

FIJ
group52kBT (

~ i , j !†
F Pi Pj

PI PJ
G1/2

ln Z†,

FIG. 3. Free energy disconnectivity graph for Ac(ala)3NHMe at 298 K.
Only the all-trans minima are included. The energy scale is in kcal mol21.
a andb refer to the structures depicted in Fig. 1.
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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where the sum is over all transition states that connec
minimum in groupI with a minimum in groupJ. The free
energy of a group will thus include a contribution from th
vibrational entropy of each minimum, and will also accou
for the configurational entropy associated with multiple lo
minima.45 We defineFIJ

group in this way to reflect the contri-
bution of each individual transition state to the intergro
rate constants,kJI andkIJ :

kJI5 (
~ i , j !†

Pi

PI
ki

† , ~9!

assuming all minima i in group I are in mutual
equilibrium.46,47

Figure 4 represents the same database of minima as
3, but coarse grained with a rate thresholdr t of 108 s21 and
plotted using the resultingFI

group andFIJ
group. The lowest free

energy group in fact contains 228 local minima, and lies 2
kcal mol21 below the next lowest group. In equilibrium, a
298 K, 94.6% of the sample will be in the lowest grou
according to the harmonic approximation for the density
states.

A similar grouping of local minima has been discuss
in the context of kinetic MC simulations of diffusio

FIG. 4. Coarse-grained free energy disconnectivity graph
Ac(ala)3NHMe at 298 K. A rate threshold of 108 s21 was used to group the
minima as described in the text. The energy scale is in kcal mol21. Both a
and b minima from Figs. 2 and 3 are included in the lowest group. T
numbers label the branches of the graph that contain the lowest minimu
eachcis-trans isomer, as for Fig. 2.
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processes.46 Eigenvalues of the rate matrixk, with elements
ki j , whereki j is the rate constant for a transition betwe
minimum j and minimumi, andkii 52( j Þ iki j , were used
to choose appropriate rate constant thresholds. This appr
was not used here because there were no clear breaks i
eigenvalue spectrum obtained by diagonalization ofk for
this system atT5298 K. Instead,r t was chosen simply to
illustrate how the graph may be simplified. In general, if
separation of time scales exists, a suitable grouping met
should lend further meaning to free energy disconnectiv
graphs.

C. Parallel-tempering simulations

Having calculated the partition functions of the minim
using Eq.~2! it is straightforward to predict the equilibrium
occupation probabilities of each minimum@Eq. ~3!#. These
can be computed at any temperature from the same data~po-
tential energies and vibrational frequencies!, though there
will obviously be a limited range of temperature where t
classical harmonic approximation is valid. To compare w
these occupation probabilities we carried out paral
tempering MC simulations, using the same potential
above and theCHARMM program.48 The MC move set con-
sisted of Cartesian displacements of all atoms, rotation of
backbone dihedral angles and concerted rotation of sect
of the backbone, chosen with a probability based on
number of degrees of freedom involved and with attem
frequencies adjusted dynamically to give an acceptance r
of 0.5. Eight replicas were run simultaneously for 1.13107

MC steps, with temperatures ranging from 298 to 500 K. T
temperatures were exponentially spaced, which should re
in equal acceptance probabilities for each adjacent pai
temperatures.23,49 After 106 equilibration steps exchang
steps between replicas adjacent in temperature were
tempted every 1000 regular MC steps~alternating between
the @0–1, 2–3, ...# and@1–2, 3–4, ...# pairs!. Energy minimi-
zation was also carried out every 1000th step from the
stantaneous configuration in each run. Statistics were
lected after a further 106 MC steps of equilibration. The
number of times the system was found in the basin of attr
tion of each minimum, normalized by the total number
minimizations, defines the occupation probability of th
minimum at any given temperature.

D. Discussion

Comparing the potential energy and free energy disc
nectivity graphs~Figs. 2 and 3! shows that the global mini-
mum ~the node at the bottom of the graph! is different. The
global free energy minimum at 298 K is an extended str
ture, which has a significantly lower mean vibrational fr
quency compared to thea-helical potential energy globa
minimum ~Fig. 1!. This result agrees with previous work,36

where the extended structure is described as ab strand, al-
though there is no hydrogen bonding of the sort associa
with b sheets or hairpins in a typical protein structure.
appears that in this system increased conformational flex
ity ~higher vibrational entropy! outweighs the energetic ben
efit of forming hydrogen bonds.

r

of
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The variation of the equilibrium occupation probabili
of the global free energy minimum~the b-strand structure!
with temperature is plotted in Fig. 5. Results from both t
harmonic superposition approach and the parallel tempe
simulations are plotted and exhibit the same trend. Analy
of the simulation data shows that more than 99% of
minima found in each MC run were included in the datab
of 1740 minima found by the landscape searching algorith
This high percentage suggests that the systematic disc
ancy between the equilibrium occupation probabilities o
tained with the two methods is due to inadequacies in
harmonic approximation to the density of states, rather t
incomplete sampling of configuration space.

The structure of the most probable conformation can
compared with the results of a previous MD study for Al3

with terminal–NH3
1 and –COOH groups, which used e

plicit water molecules and a different force field.11 This
analysis showed that two conformers dominated at
K—the structure with central dihedral angles (f,c)
5(2120°,2170°), which these authors refer to asb, and
thePII structure with (f,c)5(270°,130°). In fact, the glo-
bal free energy minimum of the present study correspond
thePII structure in the notation of Ref. 11, but we have fou
no evidence of significant population of any minima simi
to the previous authors’b structure.

III. BLN MODEL

Previous work reported the construction and visuali
tion of a connected database of minima for a continu
three-color 46-bead model protein.31 The potential function
used is given in Ref. 31, and we discuss here only the f
non-Gō system. The model was originally proposed a
studied with rigid bonds between the beads,25,28–30but here
we use stiff harmonic bonds, as introduced by Berryet al.26

The energy parametere determines the strength of the no
bonded interactions, which are modelled by a Lennard-Jo
potential~see Ref. 31!. We work here in reduced units ofe
for the energy ands for the distance and assume the partic
have unit massm.

FIG. 5. Plot of the equilibrium occupation probability (Peq) versus tempera-
ture as obtained by both the harmonic superposition approximation~HSA!
and parallel-tempering Monte Carlo~PTMC!.
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The global potential energy minimum of this model is
four-strandedb barrel, and this was used as the starting po
for the landscape searching algorithm. Re-examination of
database constructed in Ref. 31 revealed a wide rang
mean vibrational frequencies for the various minima, wh
suggests that a better picture of the equilibrium conform
tional preferences of the system might be provided by a f
energy disconnectivity graph of the type described in S
II B. Calculation of the relative free energies of all th
minima in the database@via Eq. ~6!# revealed that the globa
potential energy minimum is not the most occupied until t
temperature drops below a value corresponding to 0.2e. The
physically interesting temperature regime appears to be f
0.1 to 1.0e, based upon simulations of the sam
model.25,28–30In particular, two finite size phase transition
have been observed: collapse from random coil to comp
globule atTu /e'0.6, and folding to a unique native struc
ture atTf /e'0.35.29 We show here that theTf transition can
be described using the connected database of minima.

Visualizing the free energy as a function of one or tw
order parameters has proved insightful in previous studie
biological molecules.1–3 Here we have considered the equ
librium occupation probabilities, which are directly related
the local free energies, as a function of two order paramet
namelyx,28 which is a measure of the structural similarity
the global potential energy minimum, andRg , the radius of
gyration. The probability distributions were constructed a

P~x!5(
i

Pid~x2x i !, ~10!

wherex i is the order parameter~defined in Ref. 28! evalu-
ated at minimumi, and similarly for Rg . Plots of P(Rg)
reveal a single large peak around 3s, the value at the globa
minimum, for all temperatures that we considered, indicat
that the unfolded region of the system has not been samp
However, plots ofP(x) reveal a transition between tw
states corresponding tox'0 andx'0.65. In Fig. 6 a histo-
gram ofP(x) is plotted forT/e50.24, which is roughly the
midpoint of the transition, determined as the temperature
which the areas under the two peaks in the histogram
equal.

A free energy disconnectivity graph forT/e50.24 is
shown in Fig. 7. This graph was coarse-grained using
approach described in Sec. II B and a rate-constant thres
of 1026(e/ms2)1/2, which groups the 500 local minima int
15 sets. We focus upon the two lowest-lying groups, w
occupation probabilities 0.60~group 1! and 0.25~group 2! at
the transition temperature, and calculate the expecta
value ofx for each one using

^x&5
( ix i Pi

( i Pi
. ~11!

^x&50.14 and 0.65 for groups 1 and 2, respectively, a
group 1 contains the global potential energy minimum,
which x50 by definition. Together with the occupatio
probabilities these results strongly suggest that the fold
AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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transition can be described in terms of the local minima
groups 1 and 2. The transition temperature calculated in
present work is probably lower than the value from simu
tion because of the harmonic approximation employed
the density of states.

FIG. 6. Histogram of the probability distribution for the order parametex
for the database of minima in theBLN system atT/e50.24.

FIG. 7. Coarse-grained free energy disconnectivity graph forBLN at T/e
50.24. A rate threshold of 1026 (e/ms2)1/2 was used to group the minima
as described in the text. The energy scale is ine.
Downloaded 17 Mar 2003 to 131.111.112.171. Redistribution subject to 
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IV. CONCLUSIONS

Free energy disconnectivity graphs, a novel represe
tion of the free energy landscape in terms of the partit
functions of local minima and transition states, have be
shown to provide new insight into two model systems.
Ac(ala)3NHMe we find that the significant regions of con
figuration space can be determined by considering the r
tive energy and mean vibrational frequencies of local mini
on the PES. Extended structures, such as theb strand, have a
higher vibrational entropy and hence can have higher e
librium occupation probabilities than structures lower in p
tential energy, such as thea helix ~see Fig. 1!. This effect can
be considered distinct from the higher configurational e
tropy associated with disordered regions of conformat
space, such as an unfolded protein or a liquid phase, w
arises from having more local minima associated with su
regions.

Configurational entropy can be taken into account in f
energy disconnectivity graphs if minima are grouped
gether appropriately; the free energy of a group of mini
can be calculated from the partition functions of all t
minima in the group. We have shown that a grouping meth
based upon the topology of the PES, described by the
constants for interconversion of local minima, provides a
scription of the folding transition in theBLN system by iso-
lating two groups of minima of roughly equal free energy
the transition temperature.

We expect that the free energy disconnectivity graph
proach will prove useful for analyzing any system for whi
a connected database of minima and transition states ca
constructed. The method should also help to explain the
netics of such systems, as the barrier heights that determ
the graphs are related to the rate constants for intercon
sion between groups of minima. In particular, one can pre
that for any system described as two-state50,51 it should be
possible to find two corresponding groups of local minim
with equal free energies.

Note added in proof:Since completing this work, a
closely related method for constructing free energy disc
nectivity graphs has been published by Krivov a
Karplus.52 These authors calculated free energy barriers
combining the contributions of different paths and compa
the resulting disconnectivity graphs with those obtained
ing the lowest barrier, which is the method used in t
present work.
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