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The double-funnel energy landscape of the 38-atom Lennard-Jones cluster
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The 38-atom Lennard-Jones cluster has a paradigmatic double-funnel energy landscape. One funnel
ends in the global minimum, a face-centered-cufiic) truncated octahedron. At the bottom of the

other funnel is the second lowest energy minimum which is an incomplete Mackay icosahedron. We
characterize the energy landscape in two ways. First, from a large sample of minima and transition
states we construct a disconnectivity graph showing which minima are connected below certain
energy thresholds. Second, we compute the free energy as a function of a bond-order parameter. The
free energy profile has two minima, one which corresponds to the fcc funnel and the other which at
low temperature corresponds to the icosahedral funnel and at higher temperatures to the liquidlike
state. These two approaches show that the greater width of the icosahedral funnel, and the greater
structural similarity between the icosahedral structures and those associated with the liquidlike state,
are the cause of the smaller free energy barrier for entering the icosahedral funnel from the
liquidlike state and therefore of the cluster’s preferential entry into this funnel on relaxation down
the energy landscape. Furthermore, the large free energy barrier between the fcc and icosahedral
funnels, which is energetic in origin, causes the cluster to be trapped in one of the funnels at low
temperature. These results explain in detail the link between the double-funnel energy landscape and
the difficulty of global optimization for this cluster. @999 American Institute of Physics.
[S0021-960609)50113-X]

I. INTRODUCTION profiles!®1” However, for the most part these studies have
been limited either to simplified lattice models, where the
Understanding the relationship between the potential enmost natural elementary division of the PES into basins of
ergy surface(PES, or energy landscape, and the dynamicsattraction surrounding local minintis problematic, or to
of a complex system is a major research effort in the chemishort polypeptides if more realistic models are used.
cal physics community. For example, much theoretical work  An intuitive picture of the energy landscape of glasses
has attempted to find the features of the energy landscapeas also been proposed in which the crystal corresponds to a
which differentiate those model polypeptides that are able twery narrow funnel which is inaccessible from the liqtict®
fold rapidly to a unique native structure from those that getMost of the PES is dominated by rugged regions where there
stuck in misfolded statés® Similarly, the answers to a are many funnels leading to different amorphous structures.
whole host of questions about glasses must lie in the energyherefore, the structure that the system relaxes to depends
landscape. Why are glasses unable to reach the crystallingon its thermal history. In this picture the different relax-
state? What is the cause of the differences between “strongétion processes result from the hierarchy of barriers in the
and “fragile” liquids? What processes, at a microscopicamorphous regions of the PESAlthough this picture is
level, are responsible fax and 8 relaxation? appealing, only recently has progress been made in relating
A key concept that has arisen within the protein foldingthe details of glassy behavior to the features of the PES.
community is that of a funnel consisting of a set of downhill This task is hampered by the complexity of the PES'’s for
pathways that converge on a single low-energy minifidm. these systems; the number of minima is huge and character-
It has been suggested that the PES’s of proteins are charaeation of the PES is hampered by the slow relaxation times.
terized by a single deep funnel and that this feature underlies In view of the complex energy landscapes of model pro-
their ability to fold to their native state. Indeed it is easy toteins and glasses, it is also useful to have systems for which
design model single-funnel PES'’s that result in efficient re-t is easier to understand the relationship between the PES
laxation to the global minimum, despite very large configu-and the dynamics. Clusters can provide such an alternative
rational space%:1° By contrast, polypeptides that misfold perspective. For example, the complexity of the P&S
are expected to have other funnels that can act as traps. Aerms of the number of minimacan be controlled through
tempts have been made to characterize the energy landscape cluster siz&?° and the choice of potential parameters,
of proteins in these terms through, for example, mapping theuch as the range of attractiéh?’
connections between compact sta&t&5, disconnectivity Clusters where the atoms interact through the Lennard-
graphst>~** monotonic sequencés, and free energy Jones(LJ) potential,
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(@ other competitive morphologi€$.Indeed, the Lgs global
minimum was initially discovered on the basis of physical
insight®! Although the truncated octahedron has since been
found by a number of global optimization methods>38-41
most of these techniques examine not the usual LJ energy
landscape, but a landscape that has been transformed with
. the aim of making global optimization easier. The basis for
FIG. 1. (@ The Lk global minimum, an fec truncated octahedrds the success of one of these methods lies in the significant
=—173.928 42¢; point groupOy,). (b) Second lowest energy minimum of . .
LJss (E=—173.252 378; point groupCs,). (c) Third lowest energy mini-  changes to the thermodynamics and dynamics that the trans-
mum (E= — 173.134 31, point groupC). The structures ifb) and(c) are  formation cause3°
both incomplete Mackay icosahedra. We use two tools to characterize the double-funnel to-
pography of the Lgk PES; in Sec. Il we use a disconnectivity
o\12 [ 5\6 graph, and in Sec. lll we examine the free energy landscape.
(rij) (rij)
wheree is the pair well depth and ¢ is the equilibrium

Some of the results presented here have previously appeared
in a short communicatioff

pair separation, provide a particularly useful model systemil. DISCONNECTIVITY GRAPH

because their structure, thermodynamics and dynamics have

been much studied. For small LJ clusters a complete enu- To examine the topography of the PES, we need to lo-

X . " . _cate its minima and the network of transition states and path-
meration of the minima and transition states allows a detaile . ) .
. : . omiog ways that connect them. A transition state is a stationary
view of the dynamics to be obtainé-

At larger sizes, well-chosen examples allow one to Ccm_point on the PES where the Hessian matrix has exactly one

. - ) . negative eigenvalue. Transition states can be found effi-
sider particular paradigmatic types of energy landscape. Faor.

. . _ . —45. .
example, the PES of kd has a single deep funnel which ciently using eigenvector-followin®’~*°in which the energy

leads down to the Mackay icosaheci®lobal minimum, is maximized along one direction and simultaneously mini-

. mized along all others. The minima connected to a transition
and Lkg, the cluster which we study here, has a double- . .

- : state are defined by the end-points of the steepest-descent
funnel landscape. The Lg global minimum is a face-

centered-cubiéfce) truncated octahedréh®2[Fig. 1(a)] and paths commencing parallel and gntlparallel_ to the tranS|t|on
. . . vector (the eigenvector whose eigenvalue is negativor

the second lowest energy minimum is an incomplete I\/la‘:ka)(his calculation we employ a method that uses analytic sec-

icosahedroft [Fig. 1(b)]. These two minima lie at the bot- ploy y

ativedd
tom of separate funnels on the PES. The thermodynamics c?fnd derivatives:

this cluster have recently been characteriZett At low tem- Th_e number of Iopally stable_ structures that3d‘df_m
adopt is too large for it to be desirable or even possible to

: . . ggtalog them all. However, here we are primarily interested
but, because the entropy associated with the icosahedral fun- . . . .
. . in the energetically low-lying regions of the PES associated
nel is larger, its free energy becomes lower than that for the . o
d . with the two funnels. In recent years, a number of similar

fcc funnel at about two-thirds of the melting temperature.a roaches for svstematically exploring a PES by hoopin
Therefore, a transition takes place between the two stat b y y exp 9 Y hopping

A7—49
which is the finite-size equivalent of a solid-solid phase tran- etween wells have been develoged!™ and these are
sition.

easily adapted to produce an algorithm that explores low-
This thermodynamic transition affects the dynamics. ReSNEr9Y regions of the PES pre_feren_na_llly. In our scheme, we
. ST .~ commence at a known low-lying minimum and proceed as

laxation down the PES from the liquidlike state almost -« llows:

variably leads into the icosahedral funnel. This is partly be- '

cause, near to melting, icosahedral structures have a lowét) Search for a transition state along the Hessian eigenvec-

free energy than fcc structures. However, entry into the tor with the smallest nonzero eigenvalue.

icosahedral funnel also seems to be dynamically favored;2) Find the steepest-descent pathway through the transition

perhaps because of the greater structural similarity between state and the two minima it connects, as described above.
the icosahedral and liquidlike structures—both have somé&3) There are various possible outcomes from s@p

E=4e,

i<j

: D

polytetrahedral charactéf®3® One aim of this paper is to
characterize in detail the reasons for the greater accessibility
of the icosahedral funnel.

Furthermore, once the cluster enters the icosahedral fun-
nel it becomes trapped there, even when the free energy of
the fcc funnel is lower. There is a large free energy barrier
between the two funnels which prevents the cluster passing
between them, but the nature and size of this barrier have not
yet been probed.

These features make global optimization of this system
much more difficult than for most small LJ clusters; most
have global minima based on the Mackay icosahedra with no

(a) In most cases, one of the connected minima is
the minimum from which the transition state search
was initiated. If this is the case, and the other mini-
mum is lower in energy, we move to it.

(b) If the original minimum is one of the connected
ones, but the other is higher in energy, the move is
rejected.

(c) Sometimes the transition state is not connected
to the minimum from which the search started. If
neither minimum has been found previously, the
pathway is then isolated from the rest of the data-
base. Since we want to explore patterns of connec-
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tivity in the low-energy regions of the PES, we dis- the minima(provided there are no infinite barrigrs
card the transition state and both minima under In a disconnectivity graph, the basin analysis is per-
these circumstances. Such searches can be repeatisdmed at a series of energies, which are plotted on a vertical
later, when the database has grown and a conne@xis. At each energy, a basin is represented by a node, and
tion may be found. lines join nodes in one level to their daughter nodes in the
(d) If the original minimum is not connected, but level below. The horizontal position of a node has no signifi-
one or both minima have already been visited, thecance, and is chosen for clarity. In these graphs an ideal
pathway is recorded, but we remain at the originalfunnel would appear as a single tall stem with branches
minimum. sprouting directly from it at a series of levels, indicating the
(4) The procedure continues from stélp, searching in both  progressive exclusion of minima as the energy is decreased.
directions along eigenvectors with successively higheSmall clusters with a deep global minimum—such ag;LJ
eigenvalues from the modified position. for which the global minimum is an icosahedréa-closely
(5) When a specified numben,,, of eigenvectors of a approximate this ideal situation. For larger “single funnel”
minimum have been searched for transition states, thelusters, the graphs have the same basic shape but superim-
position jumps to the lowest-energy known minimum for posed on this there is likely to be a certain amount of fine
which fewer tham,, eigenvectors have been searched. structure. For example, there might be sets of minima which
) . . . have low barriers between them and so in the graph they are
By only accepting d‘?‘"’”h'” MOVEs, th's_ algorlthm P'® connected to each other before they connect to the stem of
ve_nFs the search becoming lost in the manifold ofll|qU|dI|kethe global minimum. This is the case fordsJ for which the
minima. In the present work, we chosg,= 10, allowing up  g10ha| minimum is a Mackay icosahedrdhBy contrast, a
to 20 transition state s_earches from_each minimum. In geNpEs with a multiple-funnel topography would have two or
eral, sgarches along elgenvector.s. with smaII. eigenvalues 3ffore stems which split at high energy and lead down to
more likely to converge to transition states in a reasonabl@jgterent low energy minima. This splitting would mean that
number of iterations. One can obtain an impression of hoWygre is a large energy barrier to pass between the funnels

thoroughly the low-energy regions of the PES have beennq so the different funnels would be expected to possess
explored by monitoring how many of the lowest-energy yistinct thermodynamic states.

minima are displaced as the search proceeds. Having col- Figure 2 shows the disconnectivity graph for4dsing
lected 3000 minima, the next 1000 displaced only 6 of they sample of 6000 minima and 8633 transition states, and a
previous lowest 200, and the next 2000 displaced only §eye| spacing of 0.6 For clarity, only branches leading to
further 7. the 150 lowest-energy minima are shown, but the number of
In the course of the search, several multiple-step pathginima that would be represented by some of the larger
between the low-lyingO, and Cs, minima emerged. The nodes are indicated. The graph confirms our assumption at
highest point on the lowest-energy path that we found was ghe start of this paper that the 4o PES has two funnels. The
transition state with energy-169.70% (4.21% above the |arge funnel associated with the icosahedral structures
global minimum; the path has an integrated length of 8.5 (placed centrally is immediately visible. The lowest node
This demonstrates the efficiency of well-hopping techniquegonnecting it to the funnel of the fcc global minimum lies at
over more conventional methods for exploring a PES, such- 169 & so the 446 minima in the node below can be con-
as molecular dynamicéVID); to restrict MD to regions of  sjdered as belonging to the icosahedral funnel. In contrast,
low potential energy, the total energy of the simulationthe funnel of the global minimum contains only 28 of the
would have to be low, and the trajectory would waste timeminima in our sample—over an order of magnitude fewer.
undergoing intrawell oscillations, but at energies highalthough only 150 branches are shown in the figure, one can
enough to allow interfunnel passage at a reasonable rate, ti@e from the rapidly increasing density of branch-ends as the
trajectory could escape into the numerous liquidlike strucenergy rises past 171.5%, that the number of states avail-
tures. able to the cluster increases dramatically with energy. This
An informative way to visualize the PES and reveal fun-increase signifies the onset of the liquidlike part of the PES,
nel structure is to plot a disconnectivity graptSuch graphs and the disconnectivity graph shows that the system must
have been used to obtain insight into the energy landscape ehter this region of configuration space in order to pass be-
polypeptides? ™4 Cqp,*?°° and watef? sodium chlorid€!  tween the icosahedral and fcc funnels.
and Morsé’ clusters. At a given total energlg, minima can The graph also gives an impression of the “shape” of
be grouped into disjoint sets, called basins, whose membete two funnels. The branches in the fcc funnel are generally
are mutually accessible at that energy. In other words, eadanger than those in the icosahedral funnel, indicating higher
pair of minima in a basin are connected directly or throughbarriers. Also, the global minimum is considerably lower in
other minima by a path whose energy never excéedsut  energy than the rest of the minima in the fcc funnel because
would require more energy to reach a minimum in anotheit has a complete outer shell. In contrast to the fcc funnel,
basin. At low energy there is just one basin, that containingand to sizes at which a complete Mackay icosahedron can be
the global minimum. At successively higher energies, mordormed?”-*?the bottom of the icosahedral funnel is not domi-
basins come into play as new minima are reached. At stilhated by a single minimum. Rather there are many low-
higher energies, the basins coalesce as higher barriers agaergy icosahedral minima associated with different ways of
overcome, until finally there is just one basin containing allarranging the atoms in the incomplete surface layer. This
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1715 FIG. 3. The dependence of the distance from the global minin8ym, on
the potential energy of the minima for a set of 600@glidinima. The points
-172.0 associated with the three lowest-energy minima are labelled by their point
groups.
-172.5
-173.0 icosahedral funnel, further confirming the double-funnel
C o character of the PES.

- Sv . .
1735 The overall picture, therefore, is of a narrow, deep and
1740 Oy somewhat rougher funnel containing the global minimum,

and a broader, much more voluminous funnel associated
FIG. 2. Disconnectivity graph for lsd using a sample of 6000 minima and ijth the low-lying icosahedral minimum. The “rims” of

8633 transition states. Only branches leading to the.150 Iowest-energﬁoth funnels lie in the liquidlike regions of the PES. The
minima are shown, but numbers attached to nodes indicate the number 0

minima they represent. The branches terminating at the three lowest-lyingr€ater width of the iFOSah_Edrm funne_| he'D_S to EXplair? why
minima (see Fig. ] are labeled by their point groups. The energy scale is inthe cluster enters this region of configuration space in the

units of e. vast majority of annealing simulations. This effect of the
funnel width has been previously observed for a model
double-funnel PES.

Our sample of minima is clearly only a tiny fraction of
combined with the differing barrier heights between thethe astronomical number available to the system, so we need
minima gives rise to the structure at the bottom of the icosato consider the possible effects of incompleteness for the
hedral funnel in the disconnectivity graph. For example, it isdisconnectivity graph. As discussed above, from about half-
noticeable that the barriers about the low-lyi@g minimum  way through the search, very few new structures had lower
[Fig. 1(c)] are lower than those for th@s, minimum, indi-  energy than any of the existing lowest 200. This provides
cating that rearrangement of the vacancy associated with thgnod evidence that the 150 minima actually represented in
missing vertex atom is much easier in R minimum.  Fig. 2 really are the lowest. The number of minima repre-
These features probably explain why optimization methodsented by higher-energy nodéer which branches have not
found theCg minimum first?’ the C5, minimum was only been shownwould certainly increase if the search were al-
discovered relatively recentf?. Despite this fine structure in lowed to proceed for longer.
the disconnectivity graph, it is still appropriate to say thatthe  The incompleteness of the transition state sample is
icosahedral minima form a single funnel because the minim&arder to gauge, but has important consequences for the dis-
are structurally very similar and because the barriers are stifonnectivity graph. Given an incomplete sample of minima,
relatively low and so the minima give rise to a single ther-the graph depends only on transition states that interconnect
modynamic state. minima within the sample. Furthermore, two minima may be

Another way to visualize the double-funnel topographyconnected by more than one transition state, but only the
of the L}g PES from our set of minima is to plot the energy lowest matters for the graph because it determines the energy
of the minima against the distance from the global minimumat which the minima become mutually accessible. When a
For a single funnel it is expected that the energy of thenew connectivity is discovered, the pattern of nodes and
minima would generally increase as the distance from thdines may change significantly. When a lower transition state
global minimum increases. For a double-funnel PES, goindetween two previously connected minima is discovered,
from the global minimum towards the second funnel, thebranching moves down the graph to lower nodes. In the
energy first increases as the primary funnel is ascended ammtesent work, up to 20 transition state searches were allowed
then decreases during the descent into the second funnélom each minimum, with many of the low-energy minima
Figure 3 clearly shows just such a feature associated with theeaching this limit. A total of 25 403 transition state searches
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were performed, 21515 of which converged in a reasonable 0141

number of optimization steps. Since only 8633 transition 0.12 1
states were found, most of them must have occurred severag o.10-
times, suggesting that we have an adequate sample, espe
cially as far as the low-energy minima are concerned.

In summary, therefore, we can be quite confident that the  0.061
disconnectivity graph in Fig. 2 is an accurate representation ¢4 |
of the low-energy regions of the PES. This is because it is
based on a search that is strongly biased towards low-energy Cyy >
structures, and because the sample of minima and transitior 0-09174 n i na o
states is far larger than the number of branches actually in- Energy /¢
cluded on the graph.

0.08 1

0.02 1

FIG. 5. (8) Q4 as a function of the distance along the reaction pathway
(starting at the global minimujrand (b) Q, against potential energy for the

IIl. FREE ENERGY LANDSCAPE Io_west energy pathway b_etween the t‘W‘O lowest energy minima. The
diamonds are for the stationary poiriteinima and transition statesn the

As the two funnels are expected to give rise to distinctP2MWay:
thermodynamic states, an alternative way of characterizing
the double-funnel topography of the g PES is to compute ,here the sum is over all thid, “bonds” (pairs of atoms
the free energy as a function of a suitable order parametefypich have a pair separation,, which is less than the
The two funnels would give rise to minima in the free eNnergypearest-neighbor criteriom) in Jthe clusterY,,(6,4) is a
which are separated by a barrier. Bond-order Darametergpherical harmonic and;; and ¢;; are the polar and azi-
which were initially introduced by Steinharét al.” have  iha angles of an interatomic vector with respect to an
been used to characterize the free energy barrier for thgyiyary coordinate framdQ, is independent of the choice
nucleation of a crystal from a m&ftr>® because they can t; this coordinate framiWe user—1.391r
differentiate between the fcc crystal and the liquid. By cal- £y 4 shows that the), vacl)ues. of the two lowest
culating the bond-order pgr_amete@dl, Qs, Wy and W, energy minima are well-separated. However, the large num-
for our sample of Lgy minima we were able 10 assess po of minima associated with the liquidiike state have val-
whether they might also be used to differentiate the fcc andeg o1y slightly greater than those for the icosahedral struc-
icosahedral fgnnel;. Bot, and Qs appeared suitable and ¢, a5 Therefore,Q, is a good order parameter for
we chose to investiga®Q, further. , distinguishing fcc structures but not for differentiating the
The definition of the order paramete, , is icosahedral and liquidlike structur&sThe similar values of

4 L 12 Q. for the icosahedral and liquidlike minima reflect struc-
Q= I+ 1 Z |Q,m|2) , (20 tural similarities—both have significant polytetrahedral
m=- charactef®3®
where In Fig. 5 we show the properties of the lowest-energy
1 pathway between the two lowest-energy minima that we
Q= 2 Yim(6ij i), (3 found in Sec. Il. The value o, rapidly decreases as the

Nbrii<rg cluster leaves the fcc funnel and enters the liquidlike region
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0.20 exp(— BE+wW(Q,)), wherew(Q,) is a biasing potential, the
0.18 1 fec aim of which is to make configurations near the top of the
0.6 free energy barrier more likely to be sampled. The canonical
' probability distribution is then obtained from the probability
0.141 distribution for the biased rummyi(Q4), by
.12 4
o Poarl Qa) = Prnuti( Qa) EXH —W(Qy)). ®)

€, 0101 We wish to choosev such thatp,,,i(Q4) is approximately
0.08 1 constant over the whole range @f, (the so-called multica-
0.06 1 nonical approact?®). However, this only occurs when
004 ] w(Q,4)~A_(Q4)/KT and so we have to construet itera-
. L_% tively from the results of a number of short preliminary
0.021 icosahedral e _7_%_7%/{( simulation56.1

PR B2 S
0,00 X~ i . . . We were able to computd, (Q,) successfully forT
0 0.05 0.1 0.15 0.2

=>0.15¢k 1. However, at lower temperatures, even with a
reasonable biasing distribution, the rate at which the system
FIG. 6. Q, for two series of canonical Monte Carlo runs of increasing passed between the two funnels was too low for accurate free
ine) and the lowest-energy icosahechal minimiasned ime Each poine  C1rgies 10 be obtained. At the top of the free energy barrier
is the average value in a%z;_lo6 cycle Monte Carlo run and each rEn was n th,ls tempergture range the contribution (,)f St?tes which
initiated from the final geometry in the previous lower temperature run. Themediate transitions between the two funnels is sitiadtead
error bars represent the standard deviation of@heprobability distribu-  the contribution of other lower-energy states domingizsd
tions. SO0 even at the top of the barrier a transition to the other
funnel is an activated process. To overcome this difficulty

would require either unfeasibly long simulations or a better

of configuration space. A number of rearrangements tak@'der parameter for which the contribution of irrelevant
place between liquidlike minima before the cluster then enStates to the free energy barrier region is less. However, the
ters the icosahedral funnel. From the pathway we can obtaiffSults we obtain are sufficient to give us a good picture of
upper bounds to the free energy barriers between the wi1® free energy landscape ofgJ
funnels at zero temperature; tAe=0 free energy barriers In our simulations we collected the values@f andE,
must be less than or equal to 4e2and 3.54 for fcc to  (the configurational, or potential, enejgynto a two-
icosahedral and icosahedral to fcc transitions, respectivelyflimensional histogram. This approach allows us to obtain the
These values are upper bounds because there may be lowBj{0-dimensional free energy surfadg,(Qq4.Ec) (Fig. 7), as
energy pathways that we were unable to find. Also the fredVell as the free energy profiléy, (Q,) [Fig. 8@]. Further-
energy difference between the two minimalat0 is simply ~ MOre, it allows us to decompog (Q,) into its energetic
the energy difference, 0.68 and entropic components,
. To confirm.thalQ4 is not only able to distinguish fcc and AL(Qy)=E.(Qs)—TS.(Qy), (6)
icosahedral minima, but also more general configurations ) )
from within the two funnels, we performed two series of Pecause we can obtal; (Q,) from our two-dimensional
Monte Carlo simulations of increasing temperature thafProbability distribution using
started from the two lowest energy minima. The probability
distributions ofQ, for the two runs are well separated and do ~ E¢(Q4)= j Pead Qa,Ec)EE. . (7)
not overlap until the cluster starts to melt Bt-0.17ek !
(Fig. 6). Below the melting temperature the clusters remain  Moreover, we can apply the histogram metffo cal-
in the funnel in which the simulations were started evenculate results for temperatures other than those at which we
when the other funnel has a lower free energy. Hence there Rerformed simulations. As
a free energy barrier between the two funnels which is sig- Cay— _
nificantly larger than the thermal energy. P(Qa.EciB)=e(Qu Ec)exp( = BE)/Z(B). ®

In the canonical ensemble the Landau free energy is rewhere((Qy,E.) is related to the configurational density of

lated to the equilibrium probability distribution of the order states byQ (E;)=fQ(Q4,E;)dQ, andZ(p) is the parti-
parameter by tion function, it follows that

AL(Q4)=A—KTIlogpcad Q). (4) P(Qs.Ec;B")*p(Qq.Ec;B)exp—Ec(B = B)), (9

where A is the Helmholtz free energy. However, conven-whereg is the reciprocal temperature of the original simula-
tional simulations are unable to provide equilibrium prob-tion andB’ is the reciprocal temperature to which the results
ability distributions forQ, because, as Fig. 6 illustrates, the have been extrapolated. This method, though, has to be ap-
cluster is unable to pass over the free energy barrier betwegslied with a certain amount of caution since the extrapolation
the two funnels. To overcome this difficulty we use umbrellabecomes increasingly sensitive to statistical errors at the edge
sampling®® In this method configurations are not sampledof the p(Q,,E,;B) distribution(Fig. 7) as the difference in
with a Boltzmann distribution but with the distribution temperature increasés.

temperature /ek!
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FIG. 8. (a) AL(Q), (b) E¢(Qg4), and(c) S (Q,) at three different tem-
peratures, as labelggh units of ek~ ). We have chosen the lo®, free

energy minimum as the zero éf and the lowest value of,_ in the fcc

funnel as the zero o, .

-165 -160 -155 -150 -145
E,
FIG. 7. Contour plots oA (Q,,E,) at temperatures df) 0.15¢k %, (b)
0.18¢k 1, and(c) 0.21¢ek 1. The contours are spaceckT apart. The free
energy zero is the bottom of the icosahedral/liquidlike free energy mini-
mum. Near to the free energy transition state some of the contours have

been labelled by the value of the free energiin No points were sampled  Arqund the fcc free energy minimum there are a number of
in the regions free of contours. The results are from Monte Carlo rute of illations inA Th r r It of the di ntinui
250% 1CF, (b) 20 10°, and(c) 15X 1¢F cycles. oscillations inA_(Q4). These are a result of the discontinui-
ties that occur in the order parameter when the value of an

At T=0.15¢k ! the free energy profile has two main interatomic distance passes throughand do not indicate
minima (the one aQ,=0.015 corresponding to the icosahe- that there are small free energy barriers between different fcc
dral funnel and the one &,=0.186 corresponding to the structures. These discontinuities can also been seen in the
fcc funne) which are separated by a barriffig. 8a)]. pathway in Fig. 5 at large values Qf,.
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At T=0.15¢k ™! the icosahedral funnel is lower in free @
energy because it has a larger entr¢pigs. §c) and 9a)]
due to the larger number of icosahedral minitRag. 2) and
their lower mean vibrational frequend{/> The free energy
barrier is large with respect to the thermal enetg$.5 and
9.69K T with respect to the free energy minijnand relative
to kT increases rapidly as the temperature decrefiSigs
10(b)]. The size of the barrier explains why, below the melt-
ing temperature, simulations are trapped in one well or the
other.

Examining Fig. 9a) shows that aT=0.15ek * the free
energy barrier is energetic in origin, and that the larger en-
tropy of the intermediate states acts to reduce the magnitude
of the barrier. As the temperature decreases, this entropic 0 002 004 006 008 01 012 014 016 018 02
contribution decreases and so the bar(ierabsolute terms Q,
increases until it reaches its purely energetic value at zero ®)
temperature. The histogram approach allows an estimate of
the position of the fcc to icosahedral transition. It predicts
that the free energy difference between the two funnels is
zero atT=0.118¢k ™! (Fig. 10 which is in good agreement
with the thermodynamic results obtained using the superpo-
sition method®

As the temperature increases frdm0.15¢k ~* the lig-
uidlike state makes an increasing contribution to the @w
free energy minimum. For example, the value@f at the
minimum gradually increasd§igs. 8a) and 1Qc)], reflect-
ing the slightly larger values o, for the liquidlike state
(Fig. 4 and the minimum becomes broader. At 4]
=0.18¢k ! in a canonical simulation the cluster passes back
and forth between the liquidlike and icosahedral states in
time. This dynamical coexistence is reflected in the [Qw ©
free energy minimum ofA (Q,4,E.)—comparison of Fig.

7(b) to Figs. 1a) and 7c) shows that it is a superposition of
two states. 61

At T=0.21ek ! the low Q, free energy minimum is
solely due to the liquidlike state and the free energy land-
scape is dominated by the free energy difference between the
fcc and liquidlike structures which results from the much
larger entropy of the liquidFig. 8c)]. The fcc free energy
minimum is now shallow and the flatness of the free energy ,
landscape foQ,>1.0 is a result of the compensation of the - /
energy and entropic componeri&g. 9c)]. The histogram 41 Mo
approach predicts that the fcc free energy minimum finally
disappears af ~0.235¢k ! (Fig. 10.

The free energy barrier to pass from the @y free
energy minimum to the fcc funnel has an interesting tem-
perature dependend€ig. 10. It has a minimum at a tem- FIG. 9. The decomposition of the free energy profilegQ,) (solid line)
perature close to the melting transition. Below this temperainto their energeti¢E, (Q,) [dashed lin@ and entropid — TS (Q,) [dot-
ture the barrier increases because of the decreasing effect Efj line)) contributions at temperatures @ 0.15¢k™*, (b) 0.18¢k ™", and

Free Energy / ¢

0 002 004 006 008 01 012 014 016 018 02
9,

Free Energy / ¢

0 002 004 006 008 01 012 014 016 018 02
Q,

. . . . (C) 0.21ek 1. The zeros of all three quantities have been set to occur at the
the entropy of intermediate states in reducing the energetic ciion of the lowQ, free energy minimum.
barrier between the two free energy minima. Above this tem-
perature the barrier increases because of the increasing free
energy difference between the two minima. As a canonical
simulation is most likely to enter the fcc funnel when the freelibrium probability of being in the basin of attraction of the
energy barrier relative to the thermal energy is at its smallesglobal minimum is higherpg! =0.004 atT=0.19ek™*.*
the optimum temperature for reaching the basin of attractiorigure 11 does indeed confirm that a simulation at this tem-
of the fcc global minimum ig~0.19¢k ! [Fig. 1Qb)]. This  perature can enter the fcc funnel, albeit rarely. The cluster
result is somewhat counterintuitive because one would ustenters the fcc funnel once in 80" Monte Carlo cycles
ally expect the optimum temperature to occur when the equiand remains there for 150 000 cycles.
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The order parametdp, does not allow us to obtain the
free energy barrier between the icosahedral and liquidlike
states. However, it must be considerably smaller than the
barrier for passage from the liquidlike state to the fcc funnel,
as dynamical coexistence of the two states is seen over a
wide range of temperature. For dsJE. is able to detect a
free energy barrier between the Mackay icosahedron and the
liquid,®” but for Lg p(E,) is unimodal. Howeverp(Qg)
has distinct maxima corresponding to icosahedral and liquid-
like states in the region of the melting transitigfig. 12);
the separate maxima disappear abdve0.19¢k *. At T
=0.18¢k ! these maxima give rise to a free energy barrier
of 0.93kT for passing from the liquidlike state into the icosa-

© .
- hedral funnel. This compares to a value of &d8for pass-
ing into the fcc funnel. This difference is consistent with the
0.22 . . .
picture of the energy landscape obtained from the disconnec-
tivity graph that showed the fcc funnel to be much narrower
0.20 (and therefore less accessiblé probably results from the
greater structural similarity between the icosahedral and lig-
§ 0.18
S 1.4 \
% | 14
g 0.16 1.6 |
g ‘ liquid-like
8 12 4
0.14
10 icosahedral
|
0.12 >
A 1.
=1
=
0.10 A A g 61
0 0.05 0.1 0.15 0.2
Q4 44
FIG. 10. (a) and(b) The height of the free energy barrier relative to the fcc
(F) and lowQ, (1) free energy minima and the free energy differefubet- 24
ted ling between the two free energy minima as a function of temperature.
The points are derived from the simulation profiles and the lines result from
using a histogram methodc) Two-dimensional contour plot showing the 0 0 0.05 o1 0.15 02 025
temperature dependence of the free energy landséag®,,T). At each ' 9, ’ ’
temperature we have set the zero of the free energy to that of the lower free
energy minimum. The units of free energy @& (a) and(c), andkT in (b). FIG. 12. Probability distribution ofQg during a Monte Carlo run aT

The contours in(c) are at a spacing of 0.2 =0.18ek L.
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uidlike states. This result clearly explains why thegddus- ~ energy barriers for entering the different funnels from the
ter is much more likely to enter the icosahedral funnel onliquid, which in turn are related to the width of the funnels.
relaxation down the PES. Our results, therefore, add weight to the intuitive picture that
glass-formers have a narrow funnel leading down to the crys-
tal. These features of the energy landscape are intimately
IV. CONCLUSIONS related to the structure. For example, ingd the greater ac-

The disconnectivity graph and free energy profiles thaFessibility of the liquidlike state_ can _also be e_xpl_ained in
we have computed in this paper provide an integrated pictur}eerms of the greater structural similarity of the liquid to the
of the energy landscape of 45J Both methads clearly con- icosahedral structurg®oth have some polytetrahedral char-
firm that the PES has two funnels. The fcc funnel is deep an cte) than _to the fcc structures. Similarly, Stralgy found that[
narrow and terminates at the truncated octahedral gloloai:lrystalhzatlon.to_abulk close-packed structure in flat space is
minimum. The icosahedral funnel is much wider and has uch more d|ff|c_ult than t.o. the completely polytetrahedral
flatter bottom. The large energy barrier between the two fun 3’3’5} polytope in a positively-curved _spao(e_ehe three-
nels gives rise to a large free energy barrier that causes ﬂgémensm'nal hypersgrface of a fqu.r-dlmensmnal sphere
cluster to be trapped in one of the funnels when the tempera\’yhere this structure is the global minimuth.
ture is below the melting point. Furthermore, the difference
in the width of the funnels leads to a much lower free energyackNOWLEDGMENTS
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